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The Generalized Metrical Multi-Time Lagrange
Space of Relativistic Geometrical Optics
Mircea Neagu
Abstract
Section 1 contains some physical and geometrical aspects that motivates
us to study the generalized metrical multi-time Lagrange space of Relativistic
Geometrical Optics, denoted by RGOGMLnp . Section 2 developes the geometry
of this space, in the sense of d-connections, d-torsions and d-curvatures. The
Einstein equations of gravitational potentials of this generalized metrical multi-
time Lagrange space are studied in Section 3. The conservation laws of the
stress-energy d-tensor of RGOGMLnp are also described. The electromagnetic
d-tensors are introduced in Section 4, and corresponding Maxwell equations are
derived.
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1 Geometrical and physical aspects
Let us consider the generalized Lagrange space GLn = (M, gij(x, y)), n = dimM ,
whose fundamental tensor field gij(x, y) on TM is of the form
gij(x, y) = ϕij(x) +
[
1−
1
n2(x, y)
]
yiyj ,(1.1)
where ϕij(x) is a semi-Riemannian metric tensor on M , yi = ϕij(x)y
j and n(x, y) is
a smooth function on TM , which is called the refractive index function. This general-
ized Lagrange space is known today as the generalized Lagrange space of relativistic
geometrical optics [9].
In order to explain the above physical terminology, let us analyse the restriction
of the geometry of the previous space to a cross section,
SV :M → TM, x→ (x, y
i = V i(x)).(1.2)
Thus, starting with a given cross section SV , we remark that the restriction of the
fundamental d-tensor gij(x, y) of GL
n to the submanifold SV (M) is given by
gij(x, V (x)) = ϕij(x) +
[
1−
1
n2(x, V (x))
]
ViVj ,(1.3)
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where Vi = ϕij(x)V
j . We underline that the metric 1.3 was introduced by Synge [20]
and was used by him in the study of the propagation of the electromagnetic waves in
a medium with the index of refraction n(x, V (x)), V (x) being the velocity of medium.
In Synge’s terminology, a medium is represented by a triadM= (M,V (x), n(x, V (x)).
More deeply, he use the following
Definition 1.1 A triad M= (M,V (x), n(x, V (x)) is called a dispersive medium. If
n(x, y) does not depend of y, then M is called a non-dispersive medium.
Consequently, the geometry induced by the Synge’s metric tensor 1.3 gives a math-
ematical model for relativistic optics.
In conclusion, the study of the generalized Lagrange space GLn, whose metrical
d-tensor is of the form 1.1, was imposed. In this direction, an important class of
generalized Lagrange spaces of relativistic geometrical optics, having the refractive
index in the form,
1
n2
= 1−
α
c2
, α ∈ R∗+,(1.4)
c being the light velocity, was studied by Miron and Kawaguchi [11]. For these spaces,
some post-Newtonian estimations were investigated by Asanov and Kawaguchi [1],
[7]. In a different version, some post-Newtonian estimations was presented also by
Roxburgh [18].
The geometry of the generalized Lagrange spaces of relativistic geometrical optics
is now completely done by Miron ,Anastasiei and Kawaguchi [9], [11]. Their geomet-
rical development relies the using of an ”a priori” fixed nonlinear connection on TM ,
whose components are
N ij(x, y) = γ
i
jk(x)y
k,(1.5)
where γijk(x) are the Christoffel symbols for the semi-Riemannian metric ϕij(x).
The using of the nonlinear connection 1.5 in the study of the generalized Lagrange
space of relativistic geometrical optics GLn is motivated in various ways. In this
direction, we present only two geometrical and physical aspects. For more details, see
[9], [11].
Firstly, it is very important that the autoparallel curves of the nonlinear con-
nection N ij(x, y) of the generalized Lagrange space of relativistic geometrical optics
GLn coincide to the geodesics of the Riemannian space Rn = (M,ϕij). In other
words, the space GLn verifies the first EPS (Ehlers, Pirani, Schild) condition from
the constructive-axiomatic formulation of General Relativity [4].
Secondly, it is remarkable that, in the particular case 1.4, the absolute energy
Lagrangian of GLn,
E : TM → R, E(x, y) = gij(x, y)y
iyj ,(1.6)
is a regular Lagrangian and then its canonical nonlinear connection [11] is exactly that
given by 1.5.
In conclusion, one can assert that a generalized Lagrange spaceGLn, which verifies
the above axiomatic assumptions, becomes a convenient mathematical model for the
relativistic geometrical optics.
In this paper, we try to extend the previous geometrical and physical theories, from
the tangent bundle TM to the more general jet fibre bundle of order one J1(T,M)
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coordinated by (tα, xi, xiα), where T is a smooth, real, p-dimensional manifold coor-
dinated by t = (tα)α=1,p, whose physical meaning is that of ”multidimensional time”,
while xiα have the physical meaning of partial directions. In this sense, we recall that
the jet fibre bundle of order one J1(T,M) is a basic object in the study of classical
and quantum field theories.
A natural geometry of physical fields induced by a Kronecker h-regular vertical
metrical multi-time d-tensor G
(α)(β)
(i)(j) (t
γ , xk, xkγ) on the total space of the 1-jet vector
bundle J1(T,M)→ T ×M , where h = (hαβ(t
γ)) is a semi-Riemannian metric on the
temporal manifold T , was created by Neagu [12].
The fundamental geometrical concept used there is that of generalized metrical
multi-time Lagrange space. This geometrical concept with physical meaning is rep-
resented by a pair GMLnp = (J
1(T,M), G
(α)(β)
(i)(j) ) consisting of the 1-jet space and a
Kronecker h-regular vertical multi-time metrical d-tensor G
(α)β)
(i)(j) on J
1(T,M), that
is, it decomposes in
G
(α)(β)
(i)(j) (t
γ , xk, xkγ) = h
αβ(tγ)gij(t
γ , xk, xkγ),(1.7)
where gij(t
γ , xk, xkγ) is a d-tensor on J
1(T,M), symmetric, of rank n and having a
constant signature. The d-tensor gij(t
γ , xk, xkγ) is called the spatial metrical d-tensor
of GMLnp .
Following the general physical and geometrical development from [12], the aim of
this paper is to study the particular generalized metrical multi-time Lagrange space
RGOGMLnp , whose spatial metrical d-tensor is of the form
gij(t
γ , xk, xkγ) = ϕij(x
k) +Ai(t
γ , xk, xkγ)Aj(t
γ , xk, xkγ)(1.8)
where ϕij(x
k) is a semi-Riemannian metric on the spatial manifold M and
Ai(t
γ , xk, xkγ) represent the components of a d-tensor A on J
1(T,M), whose phys-
ical meaning is that of refractive index d-tensor of the medium M=J1(T,M).
Remarks 1.1 i) To motivate the terminology used above, let us consider the partic-
ular case when the temporal manifold identifies with the usual time axis, represented
by the set of real numbers R. In that case, setting
Ai(t, x
k, yk) =
√
1−
1
n2(t, xk, yk)
· yi,(1.9)
where yi = ϕim(x
k)ym and n : J1(R,M) ≡ R × TM → [1,∞) is a smooth function,
we can regard n like a dynamic refractive index function (i. e. the refractive index
modifies in time). Consequently, this particular space represents a natural dynamical
generalization of the classical generalized Lagrange space of relativistic geometrical
optics from [9], [11].
ii) The inverse of the spatial metrical d-tensor gij of RGOGML
n
p is given by the
following d-tensor field,
gij = ϕij −
1
1 +A0
AiAj ,(1.10)
where Ai = ϕimAm and A0 = A
mAm.
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To develope the geometry of this generalized metrical multi-time Lagrange space,
we need a nonlinear connection Γ = (M
(i)
(α)β, N
(i)
(α)j) on J
1(T,M) [14]. In this direction,
we fix ”a priori” the nonlinear connection Γ defined by the temporal components
M
(i)
(α)β = −H
µ
αβx
i
µ(1.11)
and the spatial components
N
(i)
(α)j = γ
i
jmx
m
α ,(1.12)
where Hαβγ (resp. γ
i
jk) are the Christoffel symbols of the semi-Riemannian metric hαβ
(resp. ϕij).
Remarks 1.2 i) Our given a priori nonlinear connection Γ on J1(T,M) naturally
generalizes that used by Miron, Anastasiei and Kawaguchi.
ii) The spatial components N
(i)
(α)j of the fixed nonlinear connection Γ are without
torsion [12].
iii) The previous nonlinear connection Γ is dependent only the vertical fundamental
metrical d-tensor G
(α)(β)
(i)(j) of RGOGML
n
p . This fact emphasize the metrical character
of the geometry attached to this space, i. e. , all geometrical objects are directly
arised from G
(α)(β)
(i)(j) .
iv) Using the relation between sprays and the components of a nonlinear connec-
tion and the definition of harmonic maps attached to a given multi-time dependent
spray on J1(T,M) (for more details, see [14]), we easily deduce that the harmonic
maps of the nonlinear connection Γ of RGOGMLnp are exactly the harmonic maps
between the semi-Riemannian spaces (T, h) and (M,ϕ) [3].
In conclusion, we can assert that the generalized metrical multi-time Lagrange
space RGOGMLnp , which verifies the previous assumptions, represents a convenient
geometrical model for relativistic geometrical optics, in a general setting.
Open problem. At the end of this section, we should like to point out that, in the
particular case Ai = Ai(t
γ , xk) (i. e. the refractive index d-tensor A does not depend
by partial directions xiα), the absolute energy Lagrangian function [12],
E : J1(T,M)→ R, E(tγ , xk, xkγ) = h
αβ(tγ)gij(t
γ , xk)xiαx
j
β ,(1.13)
is a Kronecker h-regular Lagrangian [15]. Consequently, it naturally induces a canon-
ical spatial nonlinear connection on J1(T,M), whose components are given by [15]
N¯
(i)
(α)j = Γ
i
jmx
m
α +
gim
2
∂gmj
∂tα
,(1.14)
where
Γljk =
gli
2
(
∂gij
∂xk
+
∂gik
∂xj
−
∂gjk
∂xi
)
are the generalized Christoffel symbols of the ”multi-time” dependent spatial metric
gij . In conclusion, it is natural to arise the following question:
−Considering an isotropic medium M=J1(T,M) (i. e. its refractive index d-
tensor A does not depend by partial directions xiα), what is the difference, from a
physical point of view, between the using of one or another one of the spatial nonlinear
connections expressed by 1.12 and 1.14 ?
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2 Cartan canonical connection
In this section, we will apply the general geometrical development of the gener-
alized metrical multi-time Lagrange spaces [12], to the particular space of relativistic
geometrical optic RGOGMLnp = (J
1(T,M), G
(α)(β)
(i)(j) ), having the vertical fundamental
d-tensor,
G
(α)(β)
(i)(j) (t
γ , xk, xkγ) = h
αβ(tγ)
[
ϕij(x
k) +Ai(t
γ , xk, xkγ)Aj(t
γ , xk, xkγ)
]
,(2.1)
and being endowed with the nonlinear connection Γ = (M
(i)
(α)β , N
(i)
(α)j), where
M
(i)
(α)β = −H
µ
αβx
i
µ, N
(i)
(α)j = γ
i
jmx
m
α .(2.2)
Let
{
δ
δtα
,
δ
δxi
,
∂
∂xiα
}
⊂ X (J1(T,M)) and {dtα, dxi, δxiα} ⊂ X
∗(J1(T,M)) be the
adapted bases of the nonlinear connection Γ, where [14]


δ
δtα
=
∂
∂tα
−M
(j)
(β)α
∂
∂x
j
β
δ
δxi
=
∂
∂xi
−N
(j)
(β)i
∂
∂x
j
β
δxiα = dx
i
α +M
(i)
(α)βdt
β +N
(i)
(α)jdx
j .
(2.3)
Following the paper [12], by direct computations, we can determine the Cartan
canonical connection of RGOGMLnp , together with its torsion and curvature local
d-tensors.
In order to describe these geometrical entities of RGOGMLnp , let us consider
BΓ = (Hγαβ , 0, γ
i
jk, 0), the Berwald h-normal Γ-linear connection attached to the
semi-Riemannian metrics hαβ and ϕij and ”//α”, ”‖i”, ”‖
(α)
(i) ”, its local covariant
derivatives [13]. It is easy to deduce that the Berwald connection BΓ of RGOGMLnp
has the following metrical properties:


hαβ//γ = 0, hαβ‖k = 0, hαβ‖
(γ)
(k) = 0,
ϕij//γ = 0, ϕij‖k = 0, ϕij‖
(γ)
(k) = 0.
(2.4)
In this context, using the general expressions which give the components of the
Cartan canonical connection of a generalized metrical multi-time Lagrange space [12],
by a direct calculation, we obtain
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Theorem 2.1 The Cartan canonical connection CΓ = (Hγαβ , G
i
jγ , L
i
jk, C
i(γ)
j(k)) of
RGOGMLnp has the adapted coefficients
H
γ
αβ = H
γ
αβ,
Gijγ =
1
2
[
(AiAj)//γ −
AiAm
1 +A0
(AmAj)//γ
]
,
Lijk = (γjkm +Ajkm)
[
ϕim −
AiAm
1 +A0
]
,
C
i(γ)
j(k) = C
γ
jkm
[
ϕim −
AiAm
1 +A0
]
,
(2.5)
where Ai = ϕimAm, A0 = A
mAm and
γijm =
1
2
[
∂ϕim
∂xj
+
∂ϕjm
∂xi
−
∂ϕij
∂xm
]
,
Aijm =
1
2
[
δ(AiAm)
δxj
+
δ(AjAm)
δxi
−
δ(AiAj)
δxm
]
,
C
γ
ijm =
1
2
[
∂(AiAm)
∂x
j
γ
+
∂(AjAm)
∂xiγ
−
∂(AiAj)
∂xmγ
]
.
(2.6)
Remark 2.1 Using the notations
Aijk = ϕ
imAjkm, Λ
i
jk = A
i
jk −
(γjk0 +Ajk0)A
i
1 +A0
,
1
C
γi
jk= ϕ
imC
γ
jkm,
0
C
γi
jk= −
C
γ
jk0A
i
1 +A0
,
(2.7)
where D......0 = D
...
...mA
m, we can rewrite the components Lijk and C
i(γ)
j(k) of CΓ in the
following simple form:
Lijk = γ
i
jk + Λ
i
jk,
C
i(γ)
j(k) =
1
C
γi
jk +
0
C
γi
jk .
(2.8)
Theorem 2.2 The torsion T of the Cartan canonical connection of RGOGMLnp is
determined by seven effective local d-tensors, namely,
Tmαj = −G
m
jα, P
(m) (β)
(µ)α(j) = −δ
β
µG
m
jα, P
(m) (β)
(µ)i(j) = −δ
β
µΛ
m
ij ,
P
m(β)
i(j) =
1
C
βm
ij +
0
C
βm
ij , S
(m)(α)(β)
(µ)(i)(j) = δ
α
µC
m(β)
i(j) − δ
β
µC
m(α)
i(j) ,
R
(m)
(µ)αβ = −H
γ
µαβx
m
γ , R
(m)
(µ)αj = 0, R
(m)
(µ)ij = r
m
ijkx
k
µ,
(2.9)
where Hγµαβ (resp. r
m
ijk) are the local curvature tensors of the semi-Riemannian metric
hαβ (resp. ϕij).
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The general expressions of the local curvature d-tensors attached to the Cartan
canonical connection of a generalized metrical multi-time Lagrange space [12], applied
to RGOGMLnp , imply
Theorem 2.3 The curvature R of the Cartan canonical connection of RGOGMLnp
is determined by seven effective local d-tensors, expressed by,
Hαηβγ =
∂Hαηβ
∂tγ
−
∂Hαηγ
∂tβ
+HµηβH
α
µγ −H
µ
ηγH
α
µβ ,
Rliβγ =
δGliβ
δtγ
−
δGliγ
δtβ
+GmiβG
l
mγ −G
m
iγG
l
mβ −H
η
µβγC
l(µ)
i(m)x
m
η ,
Rliβk =
δGliβ
δxk
−
δLlik
δtβ
+GmiβL
l
mk − L
m
ikG
l
mβ ,
Rlijk = r
l
ijk + ρ
l
ijk,
P
l (γ)
iβ(k) =
∂Gliβ
∂xkγ
− C
l(γ)
i(k)/β − C
l(γ)
i(m)G
m
kβ ,
P
l (γ)
ij(k) =
∂Λlij
∂xkγ
− Λmjk
1
C
γl
im −Λ
m
jk
0
C
γl
im −
1
C
γl
ik|j −
0
C
γl
ik|j ,
S
l(β)(γ)
i(j)(k) =
1
S
l(β)(γ)
i(j)(k) −
0
S
l(β)(γ)
i(j)(k) ,
(2.10)
where Hηαβγ and r
l
ijk are the curvature tensors of the semi-Riemannian metrics hαβ
and ϕij , the operators ”/β”, ”|j” represent the local covariant derivatives of CΓ, and
1
S
l(β)(γ)
i(j)(k)=
∂
1
C
βl
ij
∂xkγ
−
∂
1
C
γl
ik
∂x
j
β
+
1
C
βm
ij C
l(γ)
m(k)−
1
C
βl
mj C
m(γ)
i(k) ,
0
S
l(β)(γ)
i(j)(k)=
∂
0
C
βl
ij
∂xkγ
−
∂
0
C
γl
ik
∂x
j
β
+
0
C
βm
ij C
l(γ)
m(k)−
0
C
βl
mj C
m(γ)
i(k) ,
ρlijk = Λ
l
ij|k − Λ
l
ik|j + Λ
m
ijΛ
l
mk − Λ
m
ikΛ
l
mj + C
l(µ)
i(m)r
m
sjkx
s
µ.
(2.11)
3 Einstein equations of gravitational field
Concerning the gravitational theory on RGOGMLnp , we point out that the ver-
tical metrical d-tensor 2.1 and its fixed nonlinear connection 2.2 induce a natural
gravitational h-potential on the 1-jet space J1(T,M) (i. e. a Sasakian-like metric),
which is expressed by [12]
G = hαβdt
α ⊗ dtβ + gijdx
i ⊗ dxj + hαβgijδx
i
α ⊗ δx
j
β ,(3.1)
where gij = ϕij + AiAj . Let CΓ = (H
γ
αβ , G
k
jγ , L
i
jk, C
i(γ)
j(k)) be the Cartan canonical
connection of RGOGMLnp .
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We postulate that the Einstein equations which govern the gravitational h-
potential G of RGOGMLnp are the Einstein equations attached to the Cartan canon-
ical connection and the adapted metric G on J1(T,M), that is,
Ric(CΓ)−
Sc(CΓ)
2
G = KT ,(3.2)
where Ric(CΓ) represents the Ricci d-tensor of the Cartan connection, Sc(CΓ) is its
scalar curvature, K is the Einstein constant and T is an intrinsec distinguished tensor
of matter which is called the stress-energy d-tensor.
In the adapted basis (XA) =
(
δ
δtα
,
δ
δxi
,
∂
∂xiα
)
attached to Γ, the curvature d-
tensorR of the Cartan connection is expressed locally byR(XC , XB)XA = R
D
ABCXD.
Hence, it follows that we have RAB = Ric(CΓ)(XA, XB) = R
D
ABD and Sc(CΓ) =
GABRAB, where
GAB =


hαβ, for A = α, B = β
gij , for A = i, B = j
hαβg
ij , for A = (i)
(α)
, B = (j)
(β)
0, otherwise,
(3.3)
the tensor field gij being expressed by 1.10.
Taking into account the expressions 2.10 of the local curvature d-tensors of the
Cartan connection of RGOGMLnp , we obtain without difficulties
Theorem 3.1 The Ricci d-tensor Ric(CΓ) of RGOGMLnp is determined by seven
effective local d-tensors expressed, in adapted basis, by:
Hαβ = H
µ
αβµ, Riβ = R
m
iβm, Rij = rij + ρij , P
(α)
(i)β = P
m (α)
iβ(m) ,
P
(α)
i(j) = −P
m (α)
im(j) , P
(α)
(i)j = −P
(α)
i(j) , S
(β)(γ)
(j)(k) =
1
S
(β)(γ)
(j)(k) −
0
S
(β)(γ)
(j)(k) ,
(3.4)
where Hαβ (resp. rij) are the local Ricci tensors of the semi-Riemannian metric hαβ
(resp. ϕij), ρij = ρ
m
ijm,
1
S
(β)(γ)
(j)(k)=
1
S
m(γ)(β)
i(j)(m) and
0
S
(β)(γ)
(j)(k)=
0
S
m(γ)(β)
i(j)(m) .
Let us denote H = hαβHαβ , R = g
ijRij and S = hαβg
ijS
(α)(β)
(i)(j) . In this context,
by a simple calculation, it follows
Theorem 3.2 The scalar curvature of the Cartan connection CΓ of RGOGMLnp has
the formula
Sc(CΓ) = H +R + S,(3.5)
the terms H, R and S being determined by the relations:
H = hαβHαβ ,
R = r + ρ−
r00 + ρ00
1 +A0
,
S =
1
S −
1
S′ +
0
S −
0
S′,
(3.6)
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where H (resp r) is the scalar curvature of the semi-Riemannian metric hαβ (resp.
ϕij) and
ρ = ϕrsρrs, r00 = rmsA
mAs, ρ00 = ρmsA
mAs,
1
S= hµνϕ
rs
1
S
(µ)(ν)
(r)(s) ,
1
S′=
hµνA
rAs
1
S
(µ)(ν)
(r)(s)
1 +A0
,
0
S= hµνϕ
rs
0
S
(µ)(ν)
(r)(s) ,
0
S′=
hµνA
rAs
0
S
(µ)(ν)
(r)(s)
1 +A0
.
(3.7)
Following the gravitational field theory exposition on a generalized metrical multi-
time Lagrange space GMLnp , dimM = n, dim T = p, from the paper [12], by local
computations, we can give
Theorem 3.3 If p > 2 and n > 2, the Einstein equations which govern the gravita-
tional h-potential G of RGOGMLnp have the local form
(E′1)


Hαβ −
H
2
hαβ = KT˜αβ
rij −
r
2
ϕij + θij = KT˜ij
S
(α)(β)
(i)(j) +
1
S −
1
S′
2
hαβgij+
00
S
(α)(β)
(i)(j) = KT˜
(α)(β)
(i)(j) ,
(E2)


0 = Tαi, Riα = KTiα, P
(α)
(i)β = KT
(α)
(i)β
0 = T
(β)
α(i) , P
(α)
i(j) = KT
(α)
i(j) , P
(α)
(i)j = KT
(α)
(i)j ,
where T˜αβ, T˜ij and T˜
(α)(β)
(i)(j) represent the components of a new stress-energy d-tensor
T˜ , defined by the relations

T˜αβ = Tαβ +
R+ S
2K
hαβ
T˜ij = Tij +
H + S
2K
gij
T˜
(α)(β)
(i)(j) = T
(α)(β)
(i)(j) +
H +R
2K
hαβgij ,
(3.8)
and
θij = ρij −
1
2
(
ρ−
r00 + ρ00
1 +A0
)
gij ,
00
S
(α)(β)
(i)(j) =
0
S
(α)(β)
(i)(j) −
0
S −
0
S′
2
hαβgij .
(3.9)
Remark 3.1 Note that, in order to have the compatibility of the Einstein equations,
it is necessary that the certain adapted local components of the stress-energy d-tensor
vanish ”a priori”.
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From physical point of view, the stress-energy d-tensor T must verify the local
conservation laws T BA|B = 0, ∀ A ∈ {α, i,
(α)
(i)
}, where T BA = G
BDTDA, ”|A”, represents
one from the local covariant derivatives ”/β”, ”|j” or ”|
(β)
(j) ”, of the Cartan canonical
connection CΓ.
In this context, let us denote
T˜T = h
αβ T˜αβ , T˜M = g
ij T˜ij , T˜v = hµνg
mrT˜
(µ)(ν)
(m)(r) ,
T˜ αβ = h
αµT˜µβ , T˜
i
j = g
imT˜mj , T˜
(i)(β)
(α)j = hαµg
miT˜
(µ)(β)
(m)(i) .
(3.10)
Following again the development of gravitational generalized metrical multi-time
theory from [12], we find
Theorem 3.4 If p > 2, n > 2, the new stress-energy d-tensors T˜αβ, T˜ij and T˜
(α)(β)
(i)(j)
of RGOGMLnp must verify the following conservation laws:

T˜ µβ/µ +
1
2− n
T˜M/β +
1
2− pn
T˜v/β = −R
m
β|m − P
(m)
(µ)β |
(µ)
(m)
1
2− p
T˜T |j + T˜
m
j|m +
1
2− pn
T˜v|j = −P
(m)
(µ)j |
(µ)
(m)
1
2− p
T˜T |
(α)
(i) +
1
2− n
T˜M |
(α)
(i) + T˜
(m)(α)
(µ)(i) |
(µ)
(m) = −P
m(α)
i|m,
(3.11)
where
Riβ = g
imRmβ , P
(i)
(α)β = g
imhαµP
(µ)
(m)β ,
P
i(β)
(j) = g
imP
(β)
m(j), P
i
(α)j = g
imhαµP
(µ)
(m)j .
(3.12)
4 Maxwell equations of electromagnetic field
In order to develope the electromagnetic theory on the generalized metrical multi-
time Lagrange space RGOGMLnp , let us consider the canonical Liouville d-tensor
C=xiα
∂
∂xiα
on J1(T,M). Using the Cartan canonical connection CΓ of RGOGMLnp ,
we construct the metrical deflection d-tensors [12]
D¯
(α)
(i)β =
[
G
(α)(µ)
(i)(m)x
m
µ
]
/β
,
D
(α)
(i)j =
[
G
(α)(µ)
(i)(m)x
m
µ
]
|j
,
d
(α)(β)
(i)(j) =
[
G
(α)(µ)
(i)(m)x
m
µ
]
|
(β)
(j) ,
(4.1)
where G
(α)(β)
(i)(j) = h
αβgij is the vertical fundamental metrical d-tensor of RGOGML
n
p
and ”/β”, ”|j” or ”|
(β)
(j) ”, are the local covariant derivatives of CΓ.
Taking into account the expressions of the local covariant derivatives of the Cartan
canonical connection CΓ, we obtain
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Proposition 4.1 The metrical deflection d-tensors of the space RGOGMLnp are
given by the following formulas:
D¯
(α)
(i)β = G
(α)(µ)
(i)(m)G
m
rβx
r
µ,
D
(α)
(i)j = G
(α)(µ)
(i)(m)Λ
m
rjx
r
µ,
d
(α)(β)
(i)(j) = G
(α)(β)
(i)(j) + C
β
mjih
αµxmµ .
(4.2)
Definition 4.1 The distinguished 2-form on J1(T,M),
F = F
(α)
(i)jδx
i
α ∧ dx
j + f
(α)(β)
(i)(j) δx
i
α ∧ δx
j
β ,(4.3)
where F
(α)
(i)j =
1
2
[
D
(α)
(i)j −D
(α)
(j)i
]
and f
(α)(β)
(i)(j) =
1
2
[
d
(α)(β)
(i)(j) − d
(α)(β)
(j)(i)
]
, is called the dis-
tinguished electromagnetic 2-form of the generalized metrical multi-time Lagrange
space RGOGMLnp .
Proposition 4.2 The local electromagnetic d-tensors of RGOGMLnp have the ex-
pressions, 

F
(α)
(i)j =
[
ϕirΛ
r
mj − ϕjrΛ
r
mi +AiΛ
0
mj −AjΛ
0
mi
]
hαµxmµ ,
f
(α)(β)
(i)(j) =
1
2
[
C
β
mji − C
β
mij
]
hαµxmµ ,
(4.4)
where Λ0mj = Λ
r
mjAr.
Particularizing the Maxwell equations of the electromagnetic field, described in
the general case of a generalized metrical multi-time Lagrange space [12], we deduce
the main result of the electromagnetism on RGOGMLnp .
Theorem 4.3 The electromagnetic components F
(α)
(i)j and f
(α)(β)
(i)(j) of the generalized
metrical multi-time Lagrange space RGOGMLnp are governed by the Maxwell equa-
tions: 

F
(α)
(i)k/β =
1
2
A{i,k}
{[
D¯
(α)
(i)β + x
(α)
(p)G
p
iβ
]
|k
−D
(α)
(i)mG
m
kβ
}
f
(α)(γ)
(i)(k)/β =
1
2
A{i,k}
{
D¯
(α)
(i)β |
(γ)
(k) + x
(α)
(p)
∂G
p
iβ
∂xkγ
−
[
d
(α)(µ)
(i)(m) + C
p(µ)
i(m)x
(α)
(p)
]
Gmkµ
}
∑
{i,j,k}
F
(α)
(i)j|k = −
1
2
∑
{i,j,k}
[
d
(α)(µ)
(i)(m) + C
p(µ)
i(m)x
(α)
(p)
]
rmjksx
s
µ
∑
{i,j,k}
{
F
(α)
(i)j |
(γ)
(k) + f
(α)(γ)
(i)(j)|k
}
= 0
∑
{i,j,k}
f
(α)(β)
(i)(j) |
(γ)
(k) = 0,
(4.5)
where x
(α)
(p) = G
(α)(µ)
(p)(m)x
m
µ .
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